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Abstract 
Based on modified Leishman-Beddoes (L-B) state space model at low Mach number (lower than 0.3), the airfoil aeroelastic 
system is presented in this paper. The main modifications for L-B model include a new dynamic stall criterion and revisions of 
normal force and pitching moment coefficient. The bifurcation diagrams, the limit cycle oscillation (LCO) phase plane plots and 
the time domain response figures are applied to investigating the stall flutter bifurcation behavior of airfoil aeroelastic systems 
with symmetry or asymmetry. It is shown that the symmetric periodical oscillation happens after subcritical bifurcation caused 
by dynamic stall, and the asymmetric periodical oscillation, which is caused by the interaction of dynamic stall and static diver-
gence, only happens in the airfoil aeroelastic system with asymmetry. Validations of the modified L-B model and the airfoil 
aeroelastic system are presented with the experimental airload data of NACA0012 and OA207 and experimental stall flutter data 
of NACA0012 respectively. Results demonstrate that the airfoil aeroelastic system presented in this paper is effective and accu-
rate, which can be applied to the investigation of airfoil stall flutter at low Mach number. 
Keywords: low Mach number; unsteady aerodynamics; airfoil aeroelastic system; stall flutter; bifurcation 
1. Introduction1 
Stall flutter is a nonlinear aeroelastic phenomenon, 
which commonly leads to failure of aeroelastic struc-
ture. The flow field during the dynamic stall process is 
largely separated. The physical process involves the 
formation of a vortex near the airfoil leading edge and 
shedding from the airfoil surface. The effect of dy-
namic stall enhances the complexity of the airfoil 
aeroelstic system. It makes the flutter behavior of air-
foil aeroelastic system much more difficult to analyze. 
Stall flutter is a limiting factor of the performance of 
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fixed wing aircraft, helicopter and turbomachines etc., 
and research related to this issue is very plentiful [1-9]. 
A prerequisite to stall flutter analysis is the accuracy 
of model for the prediction of unsteady and dynamic 
stall behavior. Recently, some semi-empirical unsteady 
and dynamic stall models are applied to the analysis of 
airfoil aeroelastic stall flutter, and Leishman-Beddoes 
(L-B) model [10] is chosen in this paper because of its 
wide engineering applications. Based on the L-B 
model, Beddoes [11] and Galbraith [12-14], et al. pre-
sented some modifications with indicial response for-
mulation at low Mach number. In this paper, the modi-
fied L-B state space model with state space formation 
at low Mach number is presented. The modified L-B 
model is also combined with airfoil structural dynamic 
equations of motion to present the airfoil aeroelastic 
system. 
The purpose of this paper is to investigate airfoil 
aeroelastic phenomenon of stall flutter at low Mach 
number. In order to avoid the numerical integration Open access under CC BY-NC-ND license.
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issues of instability and inaccuracy, the implicit New-
mark average velocity state space numerical integra-
tion method [15] is applied to solving the airfoil aeroe-
lastic state space model. Based on bifurcation dia-
grams, phase plane plots and time domain response 
figures, the stall flutter behavior of airfoil aeroelastic 
system is investigated. 
2. L-B State Space Model 
2.1. General description of L-B model 
The L-B model is represented by a set of ordinary 
differential equations (ODEs) of the form [10,16-17] 
u
d( , , ),
d
q
t
α= =& & XX f X X          (1) 
where fu is the right hand terms of the L-B model’s 
ODEs, X=[x1  x2  …  xn] the state space vector, n 
the number of aerodynamic model state variables, α 
the angle of attack and q the non-dimensional pitch 
rate. 
The airload coefficients of the airfoil are given by 
 ( , , ) , ,i iC g q i N m Cα= =X        (2) 
where CN, Cm and CC represent coefficients of normal 
force, pitching moment and chord force respectively. 
Fig. 1 shows the definition of aerodynamic force in 
unsteady flow. The inflow velocity is denoted by V, 
and αE represents the effective angle of attack. Coeffi-
cients of lift force CL and drag force CD are given by 
 E Ecos sinL N CC C Cα α= +         (3) 
 sin cosD N CC C Cα α= −           (4) 
 
Fig. 1  Definition of aerodynamic force in unsteady flow. 
Typically, the airload coefficients Ci are calculated as 
 I f vN N N NC C C C= + +              (5) 
I f v
0m m m m mC C C C C= + + +          (6) 
 fC CC C=                   (7) 
where the superscripts I, f and v refer to attached flow 
terms, trailing edge separation and dynamic stall (vor-
tex induced) terms respectively, and Cm0 is used for the 
break of the symmetry of airfoil. 
2.2. Unsteady attached flow 
Effective angle of attack αE, and the attached flow 
parts of CN, Cm and CC are defined from the state vec-
tor 1 2 8...[ ]x x x=%x  which is the solution of the 
following equation: 
= +&% %x Ax Bu                 (8) 
where T[ ]qα=u , A and B are constant matrices 
from Ref. [16]. 
2.3. Separation flow 
Under unsteady conditions, the leading edge pres-
sure lag can be simply modeled by applying a first 
order lag to pNC  (
p
NC  is the normal force under poten-
tial flow conditions) to produce a substitute value NC′ . 
A new state space variable x9, which represents NC′ , 
can be written in the form of a state space equation: 
 
C I
9
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&            (9) 
 p C IN N NC C C= +                (10) 
where Tp=1.7 is the Mach number dependent con-
stant [16], b the semi-chord length, CNC  the circulatory 
normal force.  
Based on Kirchhoff theory, the static trailing edge 
separation point of f (as a fraction of the airfoil chord) 
is defined as 
1
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  (11) 
where α1=15.25, S1=3.0, and S2=2.3 are Mach number 
dependent parameters [16]. 
Under unsteady conditions, the trailing edge separa-
tion effects of CN, Cm and CC are defined as the linear 
function of unsteady trailing edge separation point x10 
which is given by 
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⎛ ⎞ −⎜ ⎟⎝ ⎠= ⋅&         (12) 
where CNα=0.108 and Tf =3.0 are Mach number de-
pendent parameters [16], σ1 the modification coefficient 
of time constant Tf, and α1n the function of x10. 
2.4. Dynamic stall 
Eq. (13) shows the critical criterion for the onset of 
dynamic stall. A new state space variable x11, which is 
used to track the position of the convected vortex, is 
solved by Eq. (14). 
1| |N NC C′ >                (13) 
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where CN1 is Mach number dependent parameter. 
A new state space variable x12, which is introduced 
to represent vortex induced normal force vNC , is given 
by 
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where Tv=6.0 and Tvl =7.0 are Mach number dependent 
parameters [16], cv represents the strength of vortex 
induced normal force, and σ2 is the modification coef-
ficient of time constant Tv. 
2.5. Flow reattachment 
By introducing a new state space variable x13 which 
is the solution of Eq. (16) representing the trailing 
edge separation point during the flow reattachment 
phase, the pitching moment coefficient can be adjusted 
by x13 during this phase. 
1 13
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3. Modification at Low Mach Number 
Though the L-B model is guided by the flow phys-
ics, it still requires some significant empirical con-
stants which come from airfoil aerodynamic experi-
ments. Beddoes supplied the empirical constants for 
L-B model with the Mach number ranging from 0.3 to 
0.8, however, when compared with the airfoil airload 
experimental data of Glasgow University at low Mach 
number (<0.3), two main issues for predicting normal 
force existed in original L-B model: stall onset crite-
rion is predicted too early and the overshoot of normal 
force coefficient after dynamic stall is not accurately 
calculated [11-14]. Based on state space formulation, the 
modified L-B model for the low Mach number is pre-
sented in the following sections. 
3.1. Dynamic stall criterion modification 
Under the conditions of low Mach number, an addi-
tional time lag is required within which the disturbed 
flow develops into vortex strong enough to cause the 
dynamic stall initiation. In order to explain this effect, 
the additional lagged value NC′′ , which is the substitute 
value of NC′  under low Mach number conditions, is 
introduced in a similar manner to NC′  [10-14]. A new 
state space variable x14, which represents NC′′ , is the 
solution of the ODE of the system 
 1414
N
b
C x Vx
T b
′ −= ⋅&              (17) 
when 1N NC C′′ > , the dynamic stall initiates at low 
Mach number, where Tb=2.2 is the time lag constant 
and CN1=1.75 [14]. 
3.2. Modification of normal force and pitching mo-
ment coefficients  
The vortex forms and detaches near the airfoil lead-
ing edge, and the flow at the separated shear layer still 
attaches to the upper surface at low Mach number. 
Hence, its effect causes the additional overshoot in 
normal force at low Mach number. Based on the sug-
gestion of Beddoes [11], the increased amplitude in 
normal force is proportional to the difference between 
the delayed separation point and its corresponding one 
at the steady state. Therefore, the overshoot for normal 
force coefficient vNCΔ  is given as follows: 
1( )
v
N xC B f f V′′Δ = −            (18) 
where B1=1.0 is a coefficient related to airfoils; f ″=x10 
(as a function of airfoil chord) is the unsteady lagged 
trailing edge separation point; Vx, which represents the 
shape function of normal force due to vortex, is given 
by 
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The additional pitching moment coefficient vmCΔ  
is also the effect of vortex convection over the airfoil. 
It is given by 
v
2
v
1 cosv vm NC B CT
τ⎛ ⎞πΔ = − Δ⎜ ⎟⎝ ⎠        (20) 
where B2=0.2 is the coefficient dependent on airfoils. 
4. Airfoil Aeroelastic Model 
Fig. 2 shows the sketch of airfoil aeroelastic system. 
The airfoil vertical displacement is denoted by h, c is 
the airfoil chord length, and θ represents the airfoil 
pitch angle. ah is the non-dimensional distance in semi- 
chord length from elastic axis to mid-chord, and xθ is 
the non-dimensional distance in semi-chord length of 
mass centre away from elastic axis. Kh and Kθ are 
spring stiffness in bending and torsion. Based on the 
principle that the sum of inertia, elastic forces and 
moments must balance the externally applied force and 
moments, the airfoil aeroelastic model is presented as 
follows [18]: 
h hmh S hK Qθ+ + =&& &&             (21) 
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Sh I K Qθ θ θθ θ+ + =&& &&              (22) 
where m is the mass per unit length, S the static mass 
moment, Iθ is the polar moment of inertia about 1/4 
chord, Qh and Qθ are external aerodynamic force and 
moment respectively. 
 
Fig. 2  Sketch of airfoil aeroelastic system. 
The second order differential of Eq. (21) and Eq. 
(22) can be transferred into first order form by defin-
ing the state variables 
T T
15 16 17 18[ ] [ ]x x x x h hθ θ= & &    (23) 
The state space equations representing airfoil struc-
tural dynamic model are given by 
 s s sˆ ˆ= +&x A x B u            (24) 
where As and Bs are coefficient matrices of airfoil 
structural dynamic model, xˆ = [x15  x16  x17  x18] 
and 
T
2 2 2
s
1 10 0
2 2L m
V cC V c Cρ ρ⎡ ⎤= −⎢ ⎥⎣ ⎦u . 
The angle of attack α and the non-dimensional pitch 
rate q can be written in terms of the structural state 
space variables: 
17
16
18
xh x
VV
q x cc
VV
θα
θ
⎡ ⎤ ⎡ ⎤++⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎢ ⎥= = ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
&
&        (25) 
The structural state space Eq. (24) and modified L-B 
state space equations presented previously are coupled 
to complete the airfoil aeroelastic system with 18 state 
space variables. 
5. Results and Analysis 
5.1. Validation of modified L-B model at low Mach 
number 
Based on the modified L-B model, the airload of 
NACA0012 is investigated. Figs. 3-4 show the normal 
force and pitching moment coefficients prediction 
against angle of attack respectively when Mach num-
ber Ma=0.12, reduced frequency k=0.124, c=0.55, 
and α=15°+10°sin (ωt) , where ω represents the cir-
cular frequency. 
 
Fig. 3  NACA0012 normal force coefficient against angle 
of attack. 
 
Fig. 4  NACA0012 pitching moment coefficient against 
angle of attack. 
As shown in Fig. 3, the normal force coefficient pre-
dicted with modified L-B model at low Mach number 
is in good correlation with the experimental data [14], 
the lagged dynamic stall onset pressure value and 
overshoot of normal force coefficient after dynamic 
stall initiation are accurately calculated, but the ampli-
tude for normal force coefficient is a little higher than 
experimental data at the low angle of attack of flow 
reattachment phase, which makes the airfoil flutter 
analysis more conservative. Fig. 4 shows the pitching 
moment coefficient compared with the experimental 
result [14], and the agreement between two curves is 
also fine. 
In order to further validate the modified L-B model 
at low Mach number, the airload for OA207 airfoil is 
also investigated. As depicted in Figs. 5-6, with the 
oscillation state at α=13°+10°sin (ωt) , k=0.105, V= 
34.24 m/s and Reynolds numbers Re=2.0×106, the 
normal force and pitching moment coefficients of 
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modified L-B model are also well consistent with the 
experimental data [19]. 
 
Fig. 5  OA207 normal force coefficient against angle of 
attack. 
 
Fig. 6  OA207 pitching moment coefficient against angle of 
attack. 
5.2. Airfoil stall flutter analysis at low Mach number 
Ref. [3] presents a set of experiments conducted on 
NACA0012 airfoil undergoing the stall flutter oscilla-
tions at low Mach number, and they are chosen as the 
numerical example to verify and investigate the airfoil 
aeroelastic system mentioned previously. The main 
parameters of airfoil aeroelastic system are: c=0.3 m, 
m=16.67 kg/m, Kh=30.5 N/mm, Kθ=13.1 N·m/rad and 
Iθ=0.31 kg/m2. The airfoil applied in this paper is 
symmetric, and the static pitching moment coefficient 
Cm0 at zero angle of attack should be zero, but the 
static moment test curve of Ref. [3] shows that Cm0 is 
non-zero at zero angle of attack, so in order to investi-
gate the generic flutter behavior of asymmetric airfoil 
aeroelastic system [17,20], the zero angle of attack static 
moment Cm0=0.01 is applied for breaking the symme-
try of the airfoil aeroelastic system [3], and Cm0=0, 
0.005 are also chosen for investigating the sensitivity 
of static moment coefficient to the airfoil aeroelastic 
system. 
Figs. 7-9 present bifurcation diagrams of airfoil 
aeroelastic system against inflow velocity with static 
pitching moment coefficient of Cm0=0, 0.005, 0.010 
respectively. Table 1 lists the predicted bifurcation 
behavior of airfoil aeroelastic system shown in Figs. 7-9 
and the experimental flutter bifurcation behavior from 
Ref. [3]. Figs. 10(a)-10(c) show limit cycle osillation 
(LCO) trajectories obtained from symmetric case  
 
Fig. 7  Symmetric airfoil bifurcation diagram (Cm0= 0). 
 
Fig. 8  Asymmetric airfoil bifurcation diagram 
(Cm0 = 0.005). 
 
Fig. 9  Asymmetric airfoil bifurcation diagram 
(Cm0= 0.010). 
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Table 1 Bifurcation behavior of airfoil flutter system 
V/(m·s−1) Bifurcation motion 
case Cm0=0 Cm0=0.005 Cm0=0.010 Ref. [3] 
Decaying oscillation <12 <12 <12 <12 
Hopf bifurcation =12 =12 =12 >12 and <13
Symmetric LCO ≥12 ≥12 ≥12 >12 and <21.4
Asymmetric LCO  >26 >20 >18.4 
 
 
       (a) V=13 m/s 
 
       (b) V=19 m/s 
 
       (c) V=20 m/s 
Fig. 10  Phase plane between α and .α&  
 
(Cm0=0), asymmetric cases (Cm0=0.005, 0.010), and 
Ref. [3] with V=13, 19, 20 m/s respectively. Based on 
Figs. 7-10 and Table 1, explanations for the bifurcation 
behavior of the airfoil aeroelastic system are as fol-
lows: 
(1) When inflow velocity is less than 12 m/s, the os-
cillation of airfoil aeroelastic system decays to the 
equilibrium position. It is zero angle of attack for sym-
metric case (Cm0=0), whereas for asymmetric cases 
(Cm0=0.005 and 0.010), they are slightly above zero. 
(2) When inflow velocity is beyond 12 m/s, the sub-
critical hopf bifurcation emerges for both symmetric 
and asymmetric cases, and the symmetric LCO hap-
pens suddenly. Obviously, as LCO trajectories shown 
in Fig. 10 at V=13 m/s, the symmetric LCO trajectory 
of asymmetric case (Cm0=0.010) is better correlated 
with experimental data, because Cm0=0.010 is much 
more accurate to reflect the generic asymmetry of air-
foil as previously described. 
(3) As listed in Table 1 and shown in Figs. 7-9, the 
asymmetrical LCO emerges in two asymmetrical cases, 
but for symmetrical case, the asymmetrical LCO does 
not emerge. Also, seen from the comparison between 
Figs. 8-9, the asymmetric case with larger static mo-
ment coefficient (Cm0=0.010) presents asymmetric 
LCO trajectory with lower inflow velocity (V=20 m/s) 
which is closer to the experimental result listed in Ta-
ble 1. Ref. [3] states that the asymmetric LCO happens 
after the airfoil static divergence velocity (V=17.7 m/s), 
but the bifurcation diagrams of Figs. 7-9 conclude that 
the asymmetry of airfoil is another necessary condition 
for the emergence of asymmetric LCO. 
Fig. 10(b) shows the LCO trajectories at V=19 m/s, 
the airfoil aeroelastic system only presents symmetric 
LCO for both symmetric and asymmetric cases. 
Fig. 10(c) shows LCO trajectories at V=20 m/s, sym-
metric and asymmetric LCOs coexist for the asymmet-
ric case with Cm0=0.010, whereas for other two cases, 
the asymmetric LCO doesn’t appear, and the similar 
conclusion can also be drawn from the comparisons 
among Fig. 11 which depicts the angle of attack re- 
 
       (a) Cm0 = 0 
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         (b) Cm0 = 0.005 
 
         (c) Cm0 = 0.010 
Fig. 11  Angle of attack response for asymmetric airfoil at 
V=20 m/s. 
sponses for three cases (Cm0=0, 0.005, 0.010) at 
V=20 m/s respectively. As shown in Fig. 10, the LCO 
trajectory of asymmetric case with Cm0=0.010 presents 
better correlation with experimental results of Ref. [3], 
which indicates that the static moment coefficient 
Cm0=0.010 applied to investigating generic bifurcation 
behavior of airfoil aeroelastic system is suitable and 
accurate. 
As described previously, the state space variables x10 
and x14 represent the airfoil trailing separation point 
and the leading edge pressure coefficient respectively, 
which are applied to indicating dynamic stall initiation 
of L-B model. As shown in Fig. 12, the phase plane 
trajectories between x10 and x14 are used to investigate 
the stall flutter behavior for airfoil aeroelastic system 
with Cm0 =0.010 at V=12, 13, 20 m/s respectively. 
Based on the airfoil aeroelastic system motion states 
presented in Table 1, when V=12 m/s, the airfoil 
aeroelastic system tends to decay to equilibrium point. 
As clearly shown in Fig. 12(a), the phase plane trajec-
tory is a retracting spiral curve, and the flow separation 
and the dynamic stall cannot be initiated. Fig. 12(b) 
shows the phase plane trajectory at V=13 m/s. As men-
tioned above, the symmetric LCO presented as the 
result of subcritical hopf bifurcation emergence at this 
point. The phase plane trajectory crosses the vertical 
lines of x10＝±CN1, which indicates that the flow sepa-
rates on airfoil and the dynamic stall initiates. Hence, it 
can be concluded that the subcritical hopf bifurcation 
of airfoil aeroelastic system is caused by dynamic stall, 
which is defined as stall flutter [1-3]. At V=20 m/s, two 
LCO trajectories (including an asymmetric LCO tra-
jectory) coexist in the phase plane plot of Fig. 12(c), 
and stall flutter also happens at this point. But there is  
 
         (a) V = 12 m/s 
 
        (b) V = 13 m/s 
 
       (c) V = 20 m/s 
Fig. 12  Phase plane between x10 and x14. 
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no physical change from the viewpoint of dynamic 
stall, which reinforces that the asymmetric LCO is 
caused by the airfoil static divergence, and the same 
conclusion can be drawn from Ref. [3]. 
6. Conclusions 
(1) Compared with experimental airfoil airload data 
under low Mach number conditions, it is shown that 
the modified L-B model with state space formulation 
is effective and accurate, and the implicit Newmark 
state space numerical integration method can effec-
tively solve the issue of the numerical integration in-
stability for the modified L-B state space model. 
(2) The stall flutter behavior of airfoil aeroelastic 
system is sensitive to small changes in the value of 
static moment coefficient, and good correlation of re-
sults between the present model with suitable static 
moment coefficient and the experimental model vali-
dates the airfoil aeroelastic system in this paper. 
(3) The physical mechanisms of LCOs are also in-
vestigated. The symmetric LCO emerges after sub-
critical hopf bifurcation caused by dynamic stall, and 
the asymmetric LCO, which is caused by the interac-
tion of dynamic stall and static divergence, only hap-
pens in the asymmetric airfoil aeroelastic system. 
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